To investigate mixed convection fl ows through a nanofl uid in a square
INTRODUCTION
Mixed convection is a kind of convection including both natural and forced convection. Its signifi cant role in many applications in industry and engineering has been specifi ed: lake and reservoirs (Imberger and Hamblin, 1982) , food processing, crystal growth (Moallemi and Jang, 1992) , electronic cooling devices, drying technologies, solar ponds (Cha and Jaluria, 1984) , solar collectors (Ideriah, 1980) , and fl oat glass production (Pilkington, 1969 ) are among its current applications. The complexity of this type of heat transfer is the coupling between the buoyancy force created by a temperature difference on the boundary of a convection zone and shear force created by the wall movement.
Different types of nondimensional parameters used to delineate the fl ows are: the Grashof number (Gr), Reynolds number (Re), and the Prandtl number (Pr). Among other important nondimensional parameters the Richardson number can be mentioned. The Richardson number is the measure of the relative importance of the buoyancy-driven natural convection compared to forced convection. Based on the values of the Richardson number, the problem of the mixed shear and buoyancy-driven convec- tion can be divided into three fl ow regimes as follows: pure natural convection for Ri >> 1, pure forced convection for Ri << 1, and mixed convection for 0.1 < Ri < 10 (Aydin, 1999) .
Many researches have been conducted on mixed-convection heat transfer in different confi gurations and mixtures with thermal boundary conditions that idealize problems for many practical engineering and industrial applications. Due to the practical signifi cance of mixed-convection heat transfer in a cavity with different confi gurations, it has attracted much attention during the last few decades (Basak et al., 2009; Mahmoodi, 2011; Sebdani et al., 2012; Rahman et al., 2008) .
In most of them, conventional fl uids (such as water, ethylene glycol, etc.) were used. But the serious problem of these common heat transfer fl uids is their low thermal conductivity.
To overcome this problem, an innovative technique, i.e., the use of nanoscale particles in the base fl uid, has been adopted. Choi (1995) called these fl uids nanofl uids.
The problem of heat transfer by using a nanofl uid has been the topic of intensive analytical, numerical, and experimental investigations in the recent years.
As an example, Masuda et al. (1993) found that if only 0.3% volume fraction of nanoparticles is dispersed in a liquid, 20% improvement of the effective thermal conductivity of ethylene glycol occurs. In another research Lee et al. (1999) showed that an increase in the solid volume fraction results in the increase of the thermal conductivity of nanofl uids. He also found that the size of a nanoparticle plays an important role in improvement of the thermal conductivity of nanofl uids. In another study, a numerical investigation of heat transfer improvement by using nanofl uids in forced convection fl ows was done by Maiga et al. (2005) . The results revealed that a noticeable augmentation of the heat transfer coeffi cient occurs that defi nitely increases with increase of particles in the base fl uid.
As mentioned above, an increase in the number of nanoparticles in the base fl uid increases the thermal conductivity of the nanofl uid. However, the shape, size, and thermal properties of solid particles in nanofl uids exert an important effect on the thermal conductivity (Eastman et al., 2001) , but the role of the extensive contact surface of nanoparticles in the enhancement of heat transfer is more signifi cant than the role of larger particles (Xuan and Li, 2000) .
Some works were done on the cavity fi lled with a nanofl uid. For instance, Hwang et al. (2007) presented numerical simulation of natural convection in a rectangular cavity fi lled with an Al 2 O 3 nanofl uid heated from bellow. They used different models to measure the effective thermal conductivity.
Their results show that as the volume fraction of the nanofl uid increases, the size of nanoparticles decreases, or the average temperature of nanofl uids increases and that Al 2 O 3 nanofl uids are more stable than the base fl uid in a rectangular cavity.
Moreover, heat transfer enhancement in a cavity was investigated by Wen and Ding (2005) . Their rectangular cavity was fi lled with a water-TiO 2 nanofl uid heated from below. They found that for the Rayleigh number less than 10 6 , at a specifi c Rayleigh number, the natural convection heat transfer rate decreases as the particle concentration increases. Due to the importance of lid-driven cavity, many researchers investigated it in various confi gurations. For example, Mohammad and Viskanta (1995) performed a numerical survey of a two-and three-dimensional laminar mixed-convection fl ow in a shallow driven enclosure heated from below where water was utilized.
In addition, few researches investigated mixed convection with a lid-driven cavity. First, Tiwari and Das (2007) conducted a numerical study of heat transfer enhancement in a lid-driven square cavity fi lled with a Cu-water nanofl uid, and with insulated top and bottom walls. With regard to the movement of the walls in different directions, they studied their effects on the heat transfer and fl uid fl ow in the cavity. Their results show that with increase in the volume fraction of nanoparticles, the average Nusselt number also increases for the Richardson number equal to unity. A numerical investigation of laminar mixed-convective heat transfer in rectangular lid-driven cavities of aspect ratio 10 was performed by Sharif (2007) . In his work, the moving top wall is kept at a higher temperature than the lower fi xed wall. The impacts of the inclination angle were investigated for angels ranging from 0 to 30. He found that on the top moving wall, the local Nusselt number decreased substantially as it moved towards the right side.
In another work, Muthtamilselvan et al. (2010) carried out a numerical investigation of the mixed-convection fl ow in a lid-driven rectangular enclosure subjected to a copper-water nanofl uid. They surveyed effects of the aspect ratio and nanoparticle concentration on the fl uid fl ow and heat transfer in the cavity.
A numerical survey of mixed-convection heat transfer in a lid-driven cavity fi lled with an Al 2 O 3 nanofl uid was made by Zarei et al. (2013) . They reported that the heat transfer rate increased inside the cavity with increase in the volume fraction of nanoparticles.
The numerical study of mixed convection in a square lid-driven cavity partially heated from below and fi lled with a water-base nanofl uid was performed by Mansuor et al. (2010) . Their results show that the average Nusselt number increases on increase in the volume fraction of nanoparticles. Numerical investigation of mixed convection in a lid-driven triangular enclosure fi lled with a water-Al 2 O 3 nanofl uid and having an insulated horizontal wall, hot inclined wall, and a moving cold vertical wall was made by Ghasemi and Aminossadati (2010) . They found that addition of Al 2 O 3 nanoparticles improves the rate of heat transfer for each direction of the sliding wall motion and for all values of Richardson number. Moreover, some studies were focused on cavities with nonuniformly temperature distribution on their walls.
Natural convection in a rectangular, 2D cavity under adiabatic conditions on the bottom and side walls and sinusoidal temperature profi le on the upper wall was studied numerically by Sarris et al. (2002) . A numerical study was performed by Basak et al. (2006) to investigate the effects of thermal boundary conditions on a steady laminar natural-convection fl ow in an air-fi lled square enclosure with a uniformly heated and adiabatic top wall and constant temperature of the cold vertical walls, as well as nonuniformly heated bottom wall. Sathiyamoorthy et al. (2007) numerically studied steady natural-convection fl ows in a square enclosure with the bottom wall uniformly heated and vertical wall(s) heated linearly. Mixed convection in the presence of a magnetic fi eld in a lid-driven cavity with sinusoidal boundary conditions on both sidewalls was investigated numerically by Sivasankaran et al. (2011) . Despite the mentioned works, only few works were done on natural or mixed convection of nanofl uids in cavities with a nonuniformly heated wall. The steady state analysis of natural convection problem in an inclined cavity fi lled with TiO 2 -water and Al 2 O 3 -water was investigated numerically by Oztop et al. (2011) and also on using heating and cooling with sinusoidal temperature profi les on one side.
Within the knowledge of the authors, the problem of mixed-convection fl ows through a nanofl uid in a square double lid-driven cavity with various inclination angles and with sinusoidal temperature profi les on the left wall has not been reported so far. Effects of increased shear force or buoyancy force, with the other force kept constant, on heat transfer enhancement were studied. Our results include streamlines, temperature fi eld, and average Nusselt number which can be different completely from horizontal confi gurations and a uniform temperature profi le. Figure 1 shows a two-dimensional square double lid-driven cavity considered in the present study. The cavity is fi lled with a suspension of SiO 2 nanoparticles in water.
PROBLEM DEFINITION AND MATHEMATICAL FORMULATION

FIG. 1: Schematic diagram of the double lid-driven cavity considered in the present study
The shape and size of the solid particles are assumed to be uniform. The diameter of the nanoparticle is assumed to be 80 nm.
The cavity is cooled from the right wall (T c ), while a sinusoidal temperature profi le exists on its left wall. The top moving and bottom moving walls were supposed to be insulated.
Except for the density, the properties of the nanoparticles and fl uid are taken to be constant. Table 1 presents the thermophysical properties of water and copper at the reference temperature. It is further assumed that the Boussinesq approximation is valid for the buoyancy force. The governing equations for a steady, two-dimensional laminar and incompressible mixed convection fl ow are expressed as below.
The viscosity and thermal conductivity of the nanofl uid vary with the volume fraction of the nanoparticles. The governing equations are
Energy:
The dimensionless form of the governing equation can be obtained by applying the following dimensionless parameters: 
Equations (6) to (9) are the dimensionless form of Eqs. (1) to (4):
The thermal diffusivity and effective density can be obtained by applying the following equations:
(1 )
The heat capacitance and thermal expansion coeffi cient of the nanofl uid are defi ned as
The effective dynamic viscosity of the SiO 2 -water nanofl uid is calculated according to the Brinkman model as follows:
2.5
.
Several relations can be used to express the effective thermal conductivity of the nanofl uid. In this study, it is approximated by the Patel model:
where c is constant and must be determined experimentally, A s /A f and Pe are defi ned as , Pe 1
where d s is the diameter of the solid particles which is assumed in this study to be equal to 80 nm, d f is the molecular size of liquid taken to be 2 Å for water. Also, u s is the Brownian motion velocity of nanoparticle which is defi ned as
where k b is the Boltzmann constant.
In order to investigate the heat transfer enhancement, the local Nusselt number is defi ned by Eq. (16) and the average Nusselt number over cold surfaces is expressed by Eq. (17).
The boundary conditions are left wall: 0 sin ( )
NUMERICAL METHOD
The continuity, momentum, and energy balance equations have been solved by a control-volume numerical code. The SIMPLE algorithm has been used for the pressurevelocity coupling. The convection terms are approximated by a combination of the hybrid-scheme which is conducive to a stable solution. Furthermore, a second-order central differencing scheme is used for the diffusion terms. The algebraic system resulting from numerical discretization was solved utilizing the Tridiagonal Matrix Algorithm (TDMA) applied to a line going through all volumes in the computational domain. The solution procedure is iterated until the following convergence criterion is satisfi ed:
Here, M and N correspond to the number of grid points in the x and y directions, respectively, n is the number of iteration, and λ denotes any scalar transport quantity.
To study the effect of the grid size on the results, several cases were investigated by changing the number of grid points in a uniform mesh. The results of this study are listed in Table 2 for various cases. Grid independence was achieved with a grid of size 121 × 121. In order to assess the accuracy of the results, a complete analysis of studies (Tiwari and Das, 2007; de Vahl Davis, 1983; Markatos and Pericleous, 1984; Hadjisophocleous et al., 1998; Fusegi et al., 1991; Ha and Jung, 2000) has been made. Computations were carried out for 15 different Re and Gr combinations. Comparisons between the average Nu numbers at the hot lid are shown in Table 3 where an excellent agreement is confi rmed, thus ensuring their validation. 
RESULTS AND DISCUSSION
In this paper, we investigated natural-and forced-convection heat transfer in a square enclosure with the top wall moving to the right and the bottom wall to the left. The top and bottom walls of the cavity mentioned were insulated while the left wall was exposed to a sinusoidal temperature and the right wall was maintained at a constant low temperature T c . Flow and temperature fi elds, average Nusselt number for silicon oxide nanoparticles at Re varying from 1 to 300, Ri from 0.1 to 1, φ from 0 to 0.06, and γ from 0 o to 150 o are obtained and discussed. These results include an isotherm plot, streamlines, and values of the average Nusselt number. Plots of the streamlines and the isotherm for Ri = 1, and different Re and γ numbers for the nanofl uid (φ = 0.06) and base fl uid are shown in Figs. 2 and 3. As can be seen from these fi gures, an increase of the Re number at a specifi ed γ increases the intensity of the streamlines. Therefore, the mass fl ow rate between two specifi c points increases, and this phenomenon leads to an increase in the rate of heat transfer and in the average Nusselt number. Increasing φ does not have a considerable effect on the streamlines. However, in some fi gures related to Re = 100, the streamlines are located close to the wall. When γ = 150 o , the fl uid is heated and consequently it fl ows upward, while the movement of the walls causes the nanofl uid to move downward.
Therefore in the lower area of the heated wall a small vortex is formed at this slope. On increase in ϕ , the streamlines tend to get closer to the walls. So the value of the rate of mass fl ow near the heat source increases thus increasing the rate of heat transfer. For Re = 100 and o 150 γ = , an increase in ϕ leads to a decrease in the size of the vortex formed near the heat source surface.
At γ = 0 o and at a lower Reynolds number, due to the slow movement of the upper and lower walls, the streamlines are located closer to these walls, than to the left and right walls, thus forming a vertically stretched vortex in the center of the cavity. In the upper and lower areas of this vortex, two small rotational fl ows are formed. On increase in the Re number up to 10 and then to 100, the velocity of the horizontal walls increases which causes a horizontal stretch in the fl uid. Therefore, the height of the central vortex decreases. Figure 3 shows the temperature fi eld for Ri = 1. The temperature distribution near the heated wall is due to the sinusoidal form of temperature. As expected, the temperature is maximum at the center and is minimum at the corners of the upper and lower areas of the left wall. The fl uid near the heated wall is expanded and moves upward due to the presence of the buoyancy force. As is mentioned before, the upper portions of the left wall have a lower temperature. Therefore, the heated fl uid eventually encounters the portion of the wall that has lower temperature than the fl uid. This phenomenon causes the heat transfer from the warm fl uid to the cooler wall. Thus the total heat transfer decreases and its value would be negative with respect to the direction of the heat transfer in this local.
On increase in the Re number at specifi ed Ri and γ, the intensity of the streamlines near the walls and the temperature gradient of the surface increase. Therefore, the average Nusselt number is expected to increase. After that the fl ow comes in contact with the sinusoidally heated wall that moves upward for a short time in the lower left portion of the cavity. When the warm fl uid comes in contact with the upper section of the left wall which is cooler than the fl uid, it loses some energy and the buoyancy force increases.
At a low Re number, the increase in the angle does not cause a signifi cant change in the temperature fi elds. This is due to the fact that heat is transferred by both forced and natural convection. The low forced-convection heat transfer is due to the low Re number. It can be understood from the fi gures that the main cause of the natural heat convection is conduction which does not vary considerably with the angle.
On increase in the Reynolds number, the forced convection heat transfer rate also increases. At γ = 0, the buoyancy force acts in the same direction as the force caused by the movement of the top and the lower bottom walls. In this case, fl uid loses some heat due to the contact with the cooler parts of the left wall. On increase in γ from 0 o to 90 o , the buoyancy force causes an upward motion in the fl uid, while the moving walls cause a horizontal movement of the fl uid. In this case, the fl uid leaves the areas of the heated wall which is cooler than the fl uid, thus the temperature of fl uid located far from the heated wall increases. A further increase in γ up to 150 o makes this phenomenon more obvious. At Re = 1, on increase in φ from 0 to 0.06, the isotherm lines spread in the lower section of the cavity. In the upper section of the cavity, the temperature lines get closer to the heated wall. Since the lower area of the heat source is cooler than the upper area, for both cases the rate of heat transfer increases with the volume fraction of nanoparticles. This trend is also valid for all angles. On increase in the Re number, the isotherm lines are distributed farther from the heated wall. So the points located farther from the heated wall have a higher temperature as compared to the lower volume fraction of nanoparticles, thus the amount of energy entering the cavity increases.
At Re = 1, the isotherm lines are almost parallel in the right section of the cavity. In this area, conduction heat transfer occurrs in the vertical layers of the fl uid. Due to the insulation of the bottom and top walls, on increase of Re up to 100, the conduction heat transfer occurs between the horizontal layers in the central area of the cavity. On a further increase in the Re number, the conduction heat transfer occurs in the smaller area of the cavity, near the top and the bottom walls. Figure 4 shows the streamlines at o 30 γ =
for different values of Ri and Re numbers. At this value of γ, on increase in the Re number, a stronger fl ow fi eld is formed inside the cavity. On increase in the Ri number from 0.1 to 10, the forced convection heat transfer becomes stronger. Since the buoyancy force caused by the temperature gradient at o 30 γ = is somewhat concurrent with the force caused by the movement of the walls, the fl uid fl ow becomes stronger and the streamlines approach the surface, so that the area of the vortex in the center of the cavity increases. Figure 5 demonstrates the temperature fi eld at o 30 γ = . On increase in Re, the streamlines get closer to the sidewalls, thus the temperature gradient increases at a certain distance and the heat transfer rate also increases. On increase in Ri, the isotherm lines become concentrated on the heated wall. Also on increase in ϕ from 0 to 0.06, the rate of heat transfer increases for all the cases. Figure 6 shows the variation of the average Nusselt number with Ri and ϕ for different values of Re at o 0 γ = . For Re = 1, the variations of Ri do not cause a considerable effect on the average Nusselt number. But at high Re numbers, a change in Ri causes a signifi cant change in the Nusselt number. The Nusselt numbers for other γ values are also listed in Table 4 . On increase in the Ri number, natural hot convection increases. Since the forced convection tends to make the fl uid pass at the heat wall and the natural heat convection tends to make the fl uid move upward, the increase in the angle causes the average Nusselt number to increase. At Re = 100, on increase in γ, the average Nusselt number decreases. Except for Ri = 7 and 10, in which case the rate of heat transfer drastically increases according to the temperature and fl ow fi elds for this specifi c case, three vortices are formed inside the cavity instead of a rotational fl ow.
Therefore, the values of the Nusselt number suddenly increase. Of course, at Ri = 0.1 and 1, the buoyancy force is negligible, and this kind of vertical fl ow is not formed. In this case, since the buoyancy force is directed somewhat countercurrently to the fl uid fl ow caused by the walls movement, the heat transfer rate decreases on increase in the Ri number from 0.1 to 1. But for the above-mentioned reasons, on further increase in the Richardson number, the average Nusselt number drastically increases. At Re = 10, except at Ri = 0.1 when the average Nusselt number remains unchanged, other values of the average Nusselt number decrease. Variations of the average Nusselt number with ϕ are presented in Table 6 . On increase in ϕ in each step, the values of the average Nusselt number also increase. In most cases, an increase in the average Nusselt number between a pure fl uid and a nanofl uid with ϕ = 0.02 is greater than the increase in the heat transfer rate between the cases where ϕ = 0.04 and ϕ = 0.06 , while in both cases ϕ is increased by the same amount. Variations of the average Nusselt number with Ri are listed in Table 7 . Except for those cases which are presented in bold, on increase in the Ri number, the heat transfer rate increases. It can be understood that most of the decreased values are obtaineded at o 150 γ = and o 90 γ > at all the values of Re and heat transfer rate increases with Ri.
CONCLUSIONS
The problem of mixed convection of a SiO 2 -water nanofl uid in an inclined double lid-driven square cavity with sinusoidal heating on the left wall was investigated numerically using the fi nite volume method. The effects of the Richardson number, Reynolds number, and volume fraction of nanoparticles on the fl uid fl ow and heat transfer characteristics were studied and the following results were obtained: Both the Richardson and Reynolds numbers, as well as the volume fraction of nanoparticles and the cavity inclination angles infl uence the streamline pattern, temperature fi eld, and heat transfer rate inside the cavity. At low Re and Ri numbers, on increase in γ, the average Nusselt number does not change with increase in the cavity inclination angles.
At low Reynolds numbers, the heat transfer rate does not change noticeably with increase in Richardson number, while with increase in the Richardson number at high Reynolds numbers it is enhanced. For all the Reynolds and Richardson numbers considered, the rate of heat transfer increases with the volume fraction of SiO 2 nanoparticles.
